Rules for integrands of the form u (a + b ArcSech[c + d x])P

1. j(a+bArcSech[c+dx])pdx
1. JAr‘cSech[c+dx] dx

1: |ArcSech[c +dx] dx

Reference: CRC 591, A&S 4.6.47

Derivation: Integration by parts

- d, | eax
Basis: OxArcSech[c +d X] = -

T (c+dx) (1-c-dx)

Rule:

dx

1-c-dx
(c +d x) ArcSech[c + d x] J l+cedx
-

.J.Ar‘cSech[c+dx] dx —
d 1-c-dx

Program code:

Int[ArcSech[c_+d_.*x_],x_Symbol] :=

(c+d*x) *ArcSech[c+d*x] /d +

Int[Sqrt[ (1-c-d*x) / (1+c+dxx) ]/ (1-c-dxx),x] /;
FreeQ[{c,d},Xx]



Rules for integrands involving inverse hyperbolic secants and cosecants

2: | ArcCsch[c +dx] dx

Reference: CRC 594, A&S 4.6.46
Derivation: Integration by parts

Basis: OxArcCsch[c +d x] = - d

2 1
c+d x 1
( +d ) * (c+d x)?

Rule:

(c +dx) ArcCsch[c +d x] 1
+

d J , 1
(c +dx) 1+ edn)?

jAr‘cCsch [c+dx] dx — dx

Program code:

Int[ArcCsch[c_+d_.*x_],x_Symbol] :=

(c+dxx) *ArcCsch[c+d*x] /d +

Int[1/ ((c+dxXx) *Sqrt[1+1/ (c+dxx)"2]),x] /;
FreeQ[{c,d},x]



Rules for integrands involving inverse hyperbolic secants and cosecants

2: J(a +bArcSech[c +dx])Pdx when pez*

Derivation: Integration by substitution

Rule: If p € z*, then

1
f(a+bAr‘cSech[c +dx])Pdx — —Subst[J(a + b ArcSech[x])Pdx, x, ¢ +dx]
d

Program code:

Int[ (a_.+b_.*ArcSech[c_+d_.*x_])"p_.,x_Symbol] :=
1/d%Subst[Int[ (a+bxArcSech[x])"p,Xx],X,c+d*x] /;
FreeQ[{a,b,c,d},x] && IGtQ[p,0]

Int[ (a_.+b_.*ArcCsch[c_+d_.*x_])"p_.,x_Symbol] :=

1/d*Subst[Int[ (a+bxArcCsch[x])"p,X],X,c+dxx] /;
FreeQ[{a,b,c,d},x] && IGtQ[p,0]

uU: f(a+bAr‘cSech[c +dx])Pdx when p¢z*

Rule: If p ¢ Z*, then

j(a +bArcSech[c+dx])Pdx — J.(a +bArcSech[c +dx])Pdx

Program code:

Int[ (a_.+b_.xArcSech[c_+d_.*x_])"p_,x_Symbol] :=
Unintegrable[ (a+bxArcSech[c+d*x])*p,x] /;
FreeQ[{a,b,c,d,p},x] & Not[IGtQ[p,0]]



Rules for integrands involving inverse hyperbolic secants and cosecants

Int[ (a_.+b_.*ArcCsch[c_+d_.*x_])"p_,x_Symbol] :=
Unintegrable[ (a+bxArcCsch[c+dxx])”p,x] /;
FreeQ[{a,b,c,d,p},x] && Not[IGtQ[p,0]]

2. J(e+fx)"' (a+bArcSech[c+dx])Pdx

1: J(e+fx)"' (a+bArcSech[c+dx])Pdx whende-cf=0 A pez*

Derivation: Integration by substitution
Rule:lf de-cf =0 A peZ*,then

1 fx\"
J(e+fx)m (a+bArcSech[c+dx])Pdx — ESUbSt[J[T] (a +bArcSech[x])Pdx, X, c+dx]

Program code:

Int[(e_.+f_.#x_) m_.*(a_.+b_.*ArcSech[c_+d_.*x_])"p_.,x_Symbol] :
1/dxSubst [Int[ (f+x/d) mx (a+bxArcSech[x])"p,X],x,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[d+e-cxf,0] && IGtQ[p,O]

Int[(e_.+Ff_.#x_) m_.*(a_.+b_.*ArcCschc_+d_.*x_])"p_.,x_Symbol] :
1/d+Subst[Int[ (fxx/d) mx (a+bxArcCsch[x]) p,x],x,c+d#x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[d+e-cxf,8] & IGtQ[p,O]



Rules for integrands involving inverse hyperbolic secants and cosecants

X. Jx’“ ArcSech[a + bx] dx when me z ?2?

1: | x"ArcSech[a+bx] dx whenmeZ A m#-1

Derivation: Integration by parts and substitution

fee M (_a)m+1_bm+1 Xm+1
Basis: x" == -0y o™ (me 1)
- ic _gymel _ pymel ymsl 1] - _1 (cax)™i-(1-ax)"™ 1
Basis: If m € z, then ( (-a) b+t xm1) F[a+bx] = Subst[ N FIX], X, a+bx} Ox

Rule:lf mez A m+ -1, then

Jx“‘ ArcSech[a+bx] dx — - dx

b™?! (m+1) b™ (m+1) (l-a-bx) (a+bx)

_ m+l _ pam+l ym+l 1-a-bx
((-a)™* - b™! x™1) ArcSech[a + b x] 1 J(( a) b™+ % x™?) \, 1rarbx

((-a)™* - b™* x™*) ArcSech[a + b x] 1 ((-ax)™ - (1-ax)™?) 1
—_ - + Subst[J dx, X, ]
b™?1 (m+ 1) b™?® (m+ 1) X1V 1+x VIex a+bx

Program code:

(* Int[x_~m_.+ArcSech[a_+b_.*x_],x_Symbol] :=

- ((-a)~(m+1) -b” (m+1) *x” (m+1) ) *ArcSech[a+bxx] / (b* (m+1) * (m+1) ) +

1/ (b~ (m+1) » (m+1) ) *Subst [Int[ ( (-a*x)~ (M+1) - (1-a*x)~ (m+1) ) / (X* (m+1) *Sqrt [-1+x] *Sqrt[1+x]) ,x],x,1/ (a+bxx)] /;
FreeQ[{a,b},x] && IntegerQ[m] && NeQ[m,-1] =*)

a+b x



Rules for integrands involving inverse hyperbolic secants and cosecants

2: |x"ArcCsch[a+bx] dx whenmeZ A m#-1

Derivation: Integration by parts and substitution

|
. ((-a)mi-pmt x™1) 1] 1 (cax)™1- (1-ax)™? 1 1
Basis: If m € Z, then T [amx} = -3 Subst[ o FIx], X, a+bx} Ox 370 %
Rule:lf mez A m+# -1, then
((_a)m+1 _bm+1 xm+1) AT‘CCSCh[a +bX] 1 ((_a)m+1 _ bm+1 xm+1)
jx’"Ar‘cCsch[a+bx] dx — - - dx
bm+1 (m+ 1) pm (m+ 1) , s
(a +bx) ’1+ abx)?
-a)™1_p™1 x™1) ArcCsch[a +bx 1 - melo_oq o m+1 1
. _(( ) ) [a+ ]+ SlmstU'( ax) (1-ax) dx, x, ]
b™?1 (m+ 1) b™® (m+ 1) ™1 A1 7+ x2 a+bx

Program code:

(» Int[x_"m_.*ArcCsch[a_+b_.*x_],x_Symbol] :=

- ((-a)~(m+1) -b”~ (m+1) *x” (m+1) ) *xArcCsch[a+b*x] / (b~ (m+1) * (m+1) ) +

1/ (bA (m+1) » (m+1) ) *Subst [Int[ ( (-a*x) " (m+1) - (1-a%x) * (m+1) ) / (X (m+1) *Sqrt[1+x”*2]),x],X,1/ (a+bxx)] /;
FreeQ[{a,b},x] && IntegerQ[m] && NeQ[m,-1] =*)



Rules for integrands involving inverse hyperbolic secants and cosecants

2: J(e+fx)'" (a+bArcSech[c+dx])Pdx whenpeZ*A mez

Derivation: Integration by substitution
Basis: If m € Z, then
(e +fx)"F[ArcSech[c +dx]] =

—dml@ Subst [F[x] Sech[x] Tanh[x] (de-cf +fSech[x])", x, ArcSech[c +d Xx]] dxArcSech[c + d X]

Rule:If p e Z* A m € Z,then

1
J(e+fx)"' (a+bArcSech[c+dx])Pdx — _d'“_"l Subst[J(a+bx)pSech[x] Tanh[x] (de-cf+fSech[x])"dx, x, ArcSech[c +dx]]

Program code:

Int[(e_.+f_.#x_)"m_.+(a_.+b_.*ArcSech[c_+d_.*x_])"p_.,x_Symbol] :=
-1/d" (m+1) #Subst [Int[ (a+b#x) “pxSech[x] «Tanh[x] » (dxe-cxf+fxSech[x])"m,x],x,ArcSech[c+d+x]] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IntegerQ[m]

Int[(e_.+f_.#x_)"m_.*(a_.+b_.*ArcCsch[c_+d_.*x_])"p_.,x_Symbol] :=
-1/d" (m+1) #Subst [Int[ (a+b#x) *pxCsch[x] «Coth[x] » (dxe-cxf+fxCsch[x])~m,x],x,ArcCsch[c+d+x]] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IntegerqQ[m]



Rules for integrands involving inverse hyperbolic secants and cosecants

3: J(e+fx)'" (a+bArcSech[c+dx])Pdx when pez*

Derivation: Integration by substitution

Rule: If p € z*, then

de-cf
d

1 fx\"
j(e+fx)'" (a+bArcSech[c+dx])Pdx — ESubst[J( + T) (a+bArcSech[x])? dx, x, c+dx]

Program code:
Int[(e_.+f_.#x_)"m_.*(a_.+b_.»ArcSech[c_+d_.*x_])"p_.,x_Symbol] :=
1/d+Subst[Int[ ((d+e-c+f) /d+fxx/d) *m« (a+bsArcSech[x])"p,x],Xx,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,0]
Int[(e_.+f_.#x_)"m_.*(a_.+b_.*ArcCsch[c_+d_.*x_])"p_.,x_Symbol] :=

1/d+Subst[Int[ ((d+e-c+f) /d+fxx/d) *m« (a+b*ArcCsch[x])"p,x],Xx,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,O]

u: j(e+fx)'" (a+bArcSech[c +dx])Pdx when p¢z*

Rule:If p ¢ Z*, then

J(e+fx)"‘ (a+bArcSech[c +dx])Pdx — J(e+fx)"‘ (a+bArcSech[c +dx])Pdx

Program code:

Int[(e_.+f_.#x_)"m_.%(a_.+b_.xArcSech[c_+d_.*x_])"p_,x_Symbol] :=
Unintegrable[ (e+fxx)~m« (a+bxArcSech[c+dx])"p,x] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & Not[IGtQ[p,0]]



Rules for integrands involving inverse hyperbolic secants and cosecants
Int[(e_.+f_.#x_) m_.*(a_.+b_.*ArcCsch[c_+d_.*x_])"p_,x_Symbol] :=

Unintegrable[ (e+fxx)“m« (a+bxArcCsch[c+dx])"p,x] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & Not[IGtQ[p,O]]

Rules for integrands involving inverse hyperbolic secants and cosecants

C m
1:~[uArcSech[ ] dx
a+bx"

Derivation: Algebraic simplification
Basis: ArcSech[z] = ArcCosh| 2]

Rule:

[« m a bx"qm
Ju Ar‘cSech[ ] dx — Ju Ar'cCosh[— + ] dx
a+bx" C C

Program code:

Int[u_.*ArcSech[c_./(a_.+b_.*x_"n_.)]”m_.,x_Symbol] :=
Int[uxArcCosh[a/c+bxx*n/c]”m,x] /;
FreeQ[{a,b,c,n,m},x]

Int[u_.*ArcCsch[c_./(a_.+b_.*x_"n_.)]”m_.,x_Symbol] :=
Int[U*Arcsinh[a/c+b*x“n/c]“m,x] /3

FreeQ[{a,b,c,n,m},x]



Rules for integrands involving inverse hyperbolic secants and cosecants

2. jv @hresechiul gy
1. JenArcSech[u] dx
1. JeArcSech[ax"] dx
1. jeArcSech[axp] dx

1: jeArcSech[a X] dx

Derivation: Integration by parts

Basis: ArcSechlax] __ _ 1 1 [ 1-ax
asls: Ox e a x? ax? (1-ax) l+ax
Rule:
JeArcSech[ax] dx —s x @hresechiax] Log[x] + l 1 'l_ax dx
a a X (1-ax) l1+ax

Program code:

Int[E~ArcSech[a_.*x_], x_Symbol] :=
xxE~ArcSech[axx] + Log[x]/a + 1/axInt[1/ (x* (1-axXx))*Sqrt[ (1-axXx)/ (1+axx)],x] /;
FreeQ[a,Xx]

2: J.eArcSech[ax"] dx

Derivation: Integration by parts, piecewise constant extraction and algebraic simplification

‘e ArcSech[axP] __ __p p [ 1-axP
Basis: Ox e T T axtl T oaxhl (1-axP) 1+axP

10



Rules for integrands involving inverse hyperbolic secants and cosecants

Basis: & «/1"’”"3/”"’”‘p )
X l+axP V1+axP
Basis:«/1aXp / Vi-ax? __ /1 1axP 4/
1+axp 1+axp

Rule:

p 1

JeArcSech[axP] dx —s XeArcSech[ax"] +
aJxP

Program code:

Int[E~ArcSech[a_.*x_"p_], x_Symbol] :=
x*xE~ArcSech[a*x"p] +
p/axInt[1/x*p,x] +

pVi+axP
— dx + J dx
1+ax? Jypf1,axt Vi-axP

pxSqrt[l+axx"p]/a*Sqrt[1l/ (1+axx"p) ] *Int[1l/ (X p*Sqrt[l+axx"p]*Sqrt[l-axx"p]),Xx] /;

FreeQ[{a,p},x]

2: J.eAr'cCsch[axP] dx

Derivation: Algebraic simplification

Basis: @Arccschlz] % +Al1+ 21—2

Rule:

JeAr‘cCsch[axp] dx —s — | — d]X +

Program code:

Int[E*ArcCsch[a_.*x_"p_.], x_Symbol] :=
1/a*Int[1/x*p,x] + Int[Sqrt[1l+1/ (a”2%xx"(2xp))]1,X] /;
FreeQ[{a,p},x]

az x2P

11



Rules for integrands involving inverse hyperbolic secants and cosecants

2. Je"“rcse‘h[“] dx when nez

1: Je"""sem[u] dx when nez

Derivation: Algebraic simplification
Basis: @Arcsech(z] 1, 1+z [1-z 1 [lz 1
. z z 1+z z 1+z z
n
1y \/——1 + 1 \/1_+ 1 )
VA Z z

Basis:If n € Z,thene"? == (e?)"

Basis: e" ArcSech[z] __

Rule: If n € z,then

en ArcSech[u] dx —» l + 1-u
u \J 1

-
+Uu u

Program code:

Int[E~(n_.+ArcSech[u_]), x_Symbol] :=
Int[(1/u + Sqrt[(1-u)/(1+u)] + 1/uxSqrt[(1-u)/(1+u)])?n,x] /;
IntegerQ([n]

2: Je“""c“h["] dx when nez

Derivation: Algebraic simplification

[ n

Basis: e" ArcCsch[z] __

Rule: If n € Z, then

1

n
1-u
dx
1+u

12



Rules for integrands involving inverse hyperbolic secants and cosecants 13

1 1
enAr-cCsch[u] dx — —— 1+ — dx
u u?

Program code:




Rules for integrands involving inverse hyperbolic secants and cosecants

2. Jxm enAr‘cSech[u] dx

1. Jxm eArcSech[axp] dx
1. X" Ar'cSech[ax"] dx

ArcSech a xp

il
Derivation: Algebraic simplification, piecewise constant extraction and algebraic simplification
Basis: eAresech(z] __ 1 1:z [l-z __ L, [flz 1 [lz

z z 1+z z 1+z z 1+z
Basis: 0 «/15"@/”“p -0
X 1+axP V1+axP
Basis:«/izzi/vlaxp V1+axP

ViraxP 1+a xP

@hrcsech[ax’] 1 Vi1+axP 1 '\/1+axp Vi-axp
j— dx — - R J- ax
X apxP a l+axP xP+1

Int[E~*ArcSech[a_.*x_"p_.]/X_, X_Symbol] :=
-1/ (axp*x"p) +
Sqrt[l+axx”p]/a*Sqrt[1/ (1+axx"p) ] *Int[Sqrt[l+a*x"p]*Sqrt[l-axx"p]/x" (p+1),X] /;
FreeQ[{a,p},x]

Rule:

Program code:

14



Rules for integrands involving inverse hyperbolic secants and cosecants

2: | xmehresech[ax’] gy when m# -1

Derivation: Integration by parts, piecewise constant extraction and algebraic simplification

e ArcSech[axP] __ _p D [ 1-axP
Basis: @x € == 3 xP+1 axPl (1-axP) 1+a xP
Basis: 9y («/1“;‘3/”“") -9

l+ax 1+a Xp
Basis:«/l"’”‘p/vlaxp Vi+axP

1:a Xp 1+a xP

Rule: If m # -1, then

xm+1 eArcSech[a xP] p

Vi+axP 1 x"P
jxm eAr‘cSech[ax"] dx —s + J-Xm_p dx + P ’ j dx
m+1 a(m+1) a(m+1) 1+ax? J1,axh Vi-ax

Program code:

Int[x_”~m_.+E~ArcSech[a_.*x_"p_.], Xx_Symbol] :=

x~ (m+1) xE~ArcSech [a*x"p]/ (m+1) +

p/ (a* (m+1) ) *Int [X* (m-p),X] +

p*Sqrt[l+a*xx*p]/ (a* (m+1l)) *Sqrt[1/ (1+a*x"*p) ] *Int [x* (m-p) / (Sqrt[l+a*x"p]*Sqrt[l-a*x*p]),x] /;
FreeQ[{a,m,p},x] && NeQ[m,-1]

2: X" eArcCsch[a xP] dx

Derivation: Algebraic simplification

Basis: e®reCschlzl - 2\ f1 4 %

Rule:



Rules for integrands involving inverse hyperbolic secants and cosecants

1 1
XM ehrecsch[ax®] gy ) = [ymP gy [ x" |1+ dx
a a2 x2P

Int[x_”"m_.xE~ArcCsch[a_.*x_“p_.], x_Symbol] :=
1/a*Int[x* (m-p),x] + Int[x*mxSqrt[1+1/ (a”*2+*x"(2xp))]1,Xx] /;
FreeQ[{a,m,p},X]

Program code:

2. Jxm en ArcSech[u] dx

1: Jx'“ enAresechiul gy when nez

Derivation: Algebraic simplification

Basis: (eAr'cSech[z] 1 " 1+z 1-z __ 1 " 1-z i 1 1-z
’ z

z z
n
l-f-\/—:l.-l-l \/14‘1)
V4 z z
1 1 1 [1 !
XmenArcSech[u] dx —» Xm _ +\/ -u + _\/ -u dx
u 1+u u 1+u

Basis: e" ArcSech[z] __

Rule: If n € Z, then

Program code:

Int[x_~m_.*E~(n_.xArcSech[u_]), x_Symbol] :=
Int[x*m* (1/u + Sqrt[ (1-u)/(1+u)] + 1/uxSqrt[ (1-u)/(1+u)])” n,x] /;
FreeQ[m,x] && IntegerQ[n]

16



Rules for integrands involving inverse hyperbolic secants and cosecants

2: | x"enAretschlul gy when nez

Derivation: Algebraic simplification

Basis: e" ArcCsch[z] __

Rule: If n € Z, then

Program code:

Int[x_~m_.+E~(n_.*ArcCsch[u_]), X
Int[x*m* (1/u + Sqrt[1+1/u”2])”"n
FreeQ[m,x] && IntegerQ[n]

ArcSech[c x]

e
3: J—dlx whenb+ac?==0
a+bx?

_Symbol] :

»X1 /5

Derivation: Algebraic expansion

1
ArcSech [x] L+x

1

Basis: € == +
1-x? xV/1-x X

1-0]

ArcSech[c x]

[ n
l I ;L
)

1

Basis: If b+ac? == 0,then ¢

Rule: If b + a c? == @, then

a+b x?

c X (a+b xz)

17



Rules for integrands involving inverse hyperbolic secants and cosecants

eAr‘cSech[c x] \' 1+cx 1
—dX —» — — dx + — J dx
a+bx? Vi-ex x (a+bx?)

. ArcCsch [x]
Basis: = - /1 "X (11+x2)
x2 1+L2
Ar‘cCsch'cxj
Basis: If b — a c? = 0, then vl 1 N L
a+bx I cx (a+b x?)
c? x?

Rule: If b - ac? == 9, then

eArcCsch [cx] 1 1
—dX —» —— —dx + —J— dx
a+bx? [ cJx(a+bx?)

Program code:

Int[E~ (ArcSech[c_.*x_])/ (a_+b_.*x_"2), x_Symbol] :=
1/ (axc) *Int [Sqrt[1/ (1+c*Xx) ]/ (x*Sqrt[1-cxx]),x] + 1/cxInt[1/ (x* (a+b*x*2)),x] /;
FreeQ[{a,b,c},x] &% EqQ[b+axc”"2,0]

Int[E~ (ArcCsch[c_.*x_])/ (a_+b_.*x_"2), x_Symbol] :=
1/ (axc”2) *Int[1/ (x*2%Sqrt[1+1/ (€~ 2xx"2)]),Xx] + 1/c*Int[1/ (xx (a+bxx"2)),x] /;
FreeQ[{a,b,c},x] &% EqQ[b-axc”~2,0]

(d X) m eAr~cSech[c X]

4: j dx when b +ac? ==
a+bx?

Derivation: Algebraic expansion

. . @ArcSech(x] o 1+x 1
Basis: e = + —
X/ 1-X X (1 X )

18



Rules for integrands involving inverse hyperbolic secants and cosecants

d(dx)™* | 1
BaSIS. |f b +a C2 - e then (d X)meArcSech[cx] _ +C X . d (dX)m’l
. ’ a+bx? acv1l-cx c (a+bx?)
Rule: If b + a c? == 9, then
d m-1 1
(dx)meAr‘cSech[cx] d ( X) 1+CX d (dX)m_l
) dx — — —dlx+—J‘—2 dx
a+bx ac 1-cx C a+bx
. (eAr‘CCSCh[)(] - 1 1
Basis: it * s o]
x? 1+L2
X
Basis: If b — a c2 == @ . then dxyrefrecschicx - d? (dx)™?  d(dx)"?
) ’ a+b x? , ) C (a+b X2>
ac )

Rule: If b - ac? == 9, then

(dx)m @hreCschicx] d? (d x) m-2 d (d x) m-1
dx —» — | —dx+ — j d
a+bx? ac? cJ a+bx?

Program code:

Int[(d_.*x_)”~m_.+E~(ArcSech[c_.*x_])/(a_+b_.%*x_"2), x_Symbol] :=
d/ (axc) *Int[ (d*x) " (m-1) *Sqrt[1/ (1+c*x)]/Sqrt[1-c*x],x] + d/c*Int[ (d*x)”(m-1)/ (a+bxx"*2),x] /;
FreeQ[{a,b,c,d,m},x] &% EqQ[b+axc”2,0]

Int[(d_.*x_)”~m_.+E~(ArcCsch[c_.*x_])/(a_+b_.%*x_"2), x_Symbol] :=
d*2/ (axc”2) *Int[ (d*x)~(m-2) /Sqrt[1+1/ (c”2%x"2)],x] + d/cxInt[ (d*x)”(m-1)/ (a+bxx"2),x] /;
FreeQ[{a,b,c,d,m},x] &% EqQ[b-axc”2,0]

X

19



Rules for integrands involving inverse hyperbolic secants and cosecants

3. |v

1.

(a + bArcSech[u]) dx when u is free of inverse functions
ArcSech[u] dx when u is free of inverse functions

1: | ArcSech[u] dx when uis free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: Oy ArcSech [f[x]] == - Oxf[X]
f[XJZ\/1+f&] \/1+f&]

::e

Basis: Oy

1 1
fx] \/-1+ﬂx] Jh”x]

Rule: If u is free of inverse functions, then

X Ox U
JAr'cSech[u] dx — xArcSech[u] +

Program code:

Int[ArcSech[u_],x_Symbol] :=
xxArcSech[u] +

Sqrt[1-u”r2]/ (uxSqrt[-1+1/u]*Sqrt[1+1/u]) *Int [SimplifyIntegrand [X*D[u,x]/ (uxSqrt[1-u”2]),x] ,x] /;

InverseFunctionFreeQ[u,x] & Not[FunctionOfExponentialQ[u,x] ]

2: JArcCsch [u] dx when uis free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

dx
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Rules for integrands involving inverse hyperbolic secants and cosecants

Basis: Oy ArcCsch[f[x] ] == - — X == Of [X]
‘cmz\/l*ﬂi]z \/—ﬂx]2 -1-f[x]?
Basis: 9y —XL— —- 9
-f[x]?
Rule: If u is free of inverse functions, then
X Oy U u X Oy U
JArcCsch[u] dx — xArcCsch[u] - | ———— dx — XxArcCsch[u] - J
NET vy Vo Juvoaow

Program code:

Int[ArcCsch[u_],x_Symbol] :=

xxArcCsch[u] -

u/Sqrt[-u”2] xInt [SimplifyIntegrand [X*D[u,x]/ (uxSqrt[-1-u~2]),x] ,x] /5
InverseFunctionFreeQ[u,x] && Not [FunctionO-FExponentialQ[u,x]]

2. J(c +dx)™ (a+bArcSech[u]) dx when m# -1 A uis free of inverse functions

1: J(c +dx)" (a+bArcSech[u]) dx whenm# -1 A uis free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: Oy ArcSech[f[x]] = - Oxf [X]

2 1 1
fx] \/-1+ﬂx] J1+fm

Basis: Oy

Rule: If mz-1 A ifuis free of inverse functions, then

dx
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Rules for integrands involving inverse hyperbolic secants and cosecants

(c+dx)™? (a+bArcSech[u]) b J\ (c+dx)™1a,u
j(c +dx)™ (a+bArcSech[u]) dx — .
d (m+1)

dx
d (m+1)
2 ’ 1 ’ 1
u -1+u 1+u

(c +dx)™* (a+bArcSech[u]) (c+dx)™! o, u

bV1i-u?
+
d(m+1) uVITE
dm+1)u -1+% 1+% '

— N

Program code:

Int[(c_.+d_.*x_)"m_.*(a_.+b_.xArcSech[u_]),x_Symbol] :=
(c+dxx)~ (m+1) * (a+bxArcSech[u]) / (d* (m+1)) +
bxSqrt[1-u”2]/ (d* (m+1) xuxSqrt[-1+1/u]*Sqrt[1+1/u]) *Int [Simpl:i.fyIntegr'and[ (c+dxx) ™ (m+1) *D[u,x] / (uxSqrt[1-u”2]),x] ,x] /8

FreeQ[{a,b,c,d,m},x] & NeQ[m,-1] & InverseFunctionFreeQ[u,x] && Not[FunctionOfQ[(c+d*x)"(m+1),u,x]] && Not[FunctionOfExponentialQ[u,x]]
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Rules for integrands involving inverse hyperbolic secants and cosecants

2: J-(c +dx)™ (a+bArcCsch[u]) dx when m# -1 A uis free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: Ox (a + bArcCsch[f[x]]) = - —2oFfxl__ . b O, f [x]
ﬂx}ZJhﬂiV JFoaz [
Basis: 9y —XL— —- 9
fx]?2

Rule:If m + -1 Auis free of inverse functions, then

(c+dx)™! (a+bArcCschlu]) b (c+dx)™!o,u
J-(c +dx)" (a+bArcCsch[u]) dx — _ J' dx
dme dmed) JVIE VI
(c +dx)™? (a+bArcCsch[u]) bu (c+dx)™!a,u
- - f dx
@ me) dmeny Var J uviiowe

Program code:

Int[(c_.+d_.*x_)"m_.*(a_.+b_.xArcCsch[u_]),x_Symbol] :=
(c+dxx)~ (m+1) * (a+bxArcCsch[u]) / (d* (m+1)) -
bxu/ (dx (m+1) *Sqrt[-u”2]) *Int [SimplifyIntegr'and[ (c+dxx) ™ (m+1) *xD[u,x] / (uxSqrt[-1-u”r2]),x] ,x] /3
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1] & InverseFunctionFreeQ[u,x] & Not[FunctionOfQ[ (c+d+x)~(m+1),u,x]] & Not[FunctionOfExponentialQ[u,Xx] ]

3. |v (a+bArcSech[u]) dx when uand Jv dx are free of inverse functions

1: |v (a+bArcSech[u]) dx when uand fv dx are free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: Oy ArcSech[f[x]] = - Oxf[X]

23



Rules for integrands involving inverse hyperbolic secants and cosecants

. 1-f[x]?
Basis: Oy [X] -
1 1
f[M‘J1+fﬂ1“/1+ﬂH
Rule: If uis free of inverse functions, let w == Jv dx, if wis free of inverse functions, then
J W oxu bVi-u? W oy u
Jv (a+bArcSech[u]) dx — w (a+bArcSech[u]) +b dx — w (a+bArcSech[u]) + j
uz,’—1+§,’1+% u\/—1+§\/1+% UV1_UZ

Program code:

Int[v_=x(a_.+b_.xArcSech[u_]),x_Symbol] :=

With[{w=IntHide[v,x]},

Dist[ (a+bxArcSech[u]) ,w,x] + b*Sqrt[l—u"Z]/(u*Sqrt[—1+1/u]*Sqrt[1+1/u])*Int[SimplifyIntegrand[w*D[u,x]/(u*Sqrt[l—u’\Z]),x],x] /3
InverseFunctionFreeQ[w,Xx] ] /5
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)"m_. /; FreeQ[{c,d,m},x]]]

dx
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Rules for integrands involving inverse hyperbolic secants and cosecants

2: |v (a+bArcCsch[u]) dx when uand fv dx are free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: O (a + bArcCsch[f[x]]) = - —2ofxl . bt Lx)
F[X}ZJM N N It
f[x]?

Basis: Oy — XL —

-f[x]2
Rule: If u is free of inverse functions, let w == Jv dx, if wis free of inverse functions, then

W Oy U bu WOy u
jv (a+bArcCsch[u]) dx — w (a+bArcCsch[u]) -b [ ———— dx — w (a+bArcCsch[u]) - j
VouE Voi-w? Vour Juvoiow?

Program code:

Int[v_=*(a_.+b_.*ArcCsch[u_]),x_Symbol] :=

With[{w=IntHide[v,x]},

Dist[ (a+b*ArcCsch[u]),w,x] - bxu/Sqrt[-u”2]«Int[SimplifyIntegrand [wxD[u,x]/ (uxSqrt[-1-u~2]),x]1,x]| /;
InverseFunctionFreeQ[w,Xx] ] /5
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)”m_. /; FreeQ[{c,d,m},x]]]

dx
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